Abstract : This paper proposes a novel consensus dynamics based on the multi-hop communication for fixed and undirected graphs. In the proposed method, each agent updates its state with auxiliary variables which are computed by its multi-hop neighbors. We show that the proposed consensus dynamics achieves an average consensus. We also show that the convergence factor depends on the number of hops.
difference of states tends to be smaller than that of the state itself [10] . Thus the proposed method can be implemented with fewer bits than by the method of [9] .
The rest of the paper is organized as follows: Section 2 summarizes the preliminary results of the graph theory. In Section 3, we propose a discrete-time multi-hop consensus dynamics. The numerical examples are given in Section 4. Finally, we conclude this paper in Section 5.
Preliminaries
Let R and N be the sets of real numbers and positive integers, respectively. For a multi-agent system, each agent is denoted by a node and local information exchanges among agents are denoted by an undirected graph G = (V, E), where V = {1, 2, . . . , N} is the set of vertices and E ⊆ V × V is the set of edges [11] . A path is a sequence of edges {i 0 , i 1 }, {i 1 , i 2 }, . . . , {i m−1 , i m }, where {i l−1 , i l } ∈ E for l = 1, 2, . . . , m. A graph G is said to be connected if there is at least one path between every pair of vertices in G.
The adjacency matrix A = [a i j ] ∈ R N×N is defined as
The degree matrix is defined as [4] . The Perron matrix is defined as P = I − εL, where I ∈ R N×N is the identity matrix and ε is a positive constant such that
In this paper, we assume that local information exchanges among agents satisfy the following assumption:
Assumption 1
The structure of information exchanges among agents is represented by a static and connected graph.
From this assumption, the Laplacian L and the Perron matrix P are symmetric matrices. In addition to that, P is a doubly stochastic matrix [4] , that is,
where
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Multi-Hop Consensus Dynamics
We consider the following discrete-time consensus dynamics:
j} is the set of neighbors of agent i, ε is a positive constant which satisfies the condition (1), m ∈ N is the number of hops, and z
with z
This is the well-known discrete-time consensus dynamics with the information of 1-hop neighbors [1] - [4] . Therefore the proposed dynamics (3) is an extension of the existing consensus dynamics to the multi-hop case.
Example 1
We consider a line graph shown in Fig. 1 . We assume that agent i updates its state by (3) with m = 2. In this case, we have
In the proposed method, the 1-hop neighbors of agent i compute the auxiliary variables with their 1-hop neighbors (2-hop neighbors of agent i) by
Then agent i receives z
, and x i+1 [k] , and computes z (1) i [k] as follows:
On the other hand, from (5)- (8), we have
As we can see from (5) and (9), though agent i receives the states and the auxiliary variables only from the 1-hop neighbors in the proposed dynamics (5), it implicitly uses the states of the 2-hop neighbors i − 2 and i + 2 as well as the states of its own and the 1-hop neighbors i − 1 and i + 1.
As shown in Example 1, the auxiliary variables z The matrix form of (3) is given by
N . From (4), we also have
Since the identity matrix I and the Laplacian L are commutative, from the binomial theorem, we have
Thus we obtain the compact form of (10) as follows:
For convergence of the proposed dynamics (3), we consider the following lemma.
Lemma 1 Under Assumption 1, we have
Proof For m = 1, (13) holds. Now we assume that (13) holds for m = l. Then, for m = l + 1, we have
From (2), we have
Therefore, from the mathematical induction, (13) holds for all m ∈ N.
The following theorem shows that the proposed dynamics (3) achieves average consensus.
Theorem 1 Under Assumption 1, we have
Proof From (2) and (12), we have
Thus we obtain
From Lemma 1 and (14), we have
where a is the Euclidean norm of a vector a ∈ R N and A is the induced 2-norm of a matrix A ∈ R N×N . From Lemma 3 of [12] , P −
11
N has the eigenvalue 0 and the other (N − 1) eigenvalues are the same as ones of P except for the eigenvalue 1. Note that ε satisfies the condition (1) . Thus all the eigenvalues of P are within the unit circle. Therefore, since P is symmetric, we have
where ρ(A) is the spectral radius of a square matrix A. From (15) and (16), we obtain
It follows that
The following lemma shows that the spectral radius of the iteration matrix is smaller for the larger number of hops.
Lemma 2 Under Assumption 1, we have
Proof From Lemma 1, we obtain
From (16), we have
Since P is symmetric, from (17) and (18), we have
We consider the asymptotic convergence factor r asym (P) and the associated convergence time τ asym (P) [13] :
. From Lemma 2, we can show that the convergence time τ asym depends on the number of hops m. 
Proof In Theorem 1 of [13] , it is shown that
Thus, from Lemma 2, we have
Therefore, from the definition of the convergence time, (19) holds.
Theorem 2 shows that the more hops we consider, the smaller convergence time τ asym is. However the large number of hops requires the more communication links. Therefore the number of hops m should be carefully tuned to strike a balance between the available network bandwidth and the desirable convergence time.
Note also that, from Lemma 1, we have
Therefore the convergence time of the m-hop communication dynamics is smaller for the smaller spectral radius ρ P − 11 N which is the convergence factor for the 1-hop consensus dynamics [13] . The authors of [13] considered the optimal value of the constant ε of the 1-hop consensus dynamics to minimize the spectral radius ρ P −
11
N . Thus it can be considered that the optimal constant obtained by [13] also works for the proposed m-hop consensus dynamics to achieve the smaller convergence time.
Simulation
We consider the proposed dynamics with ε = 0.01. Tables 1-3 show the numbers of iterations for a path graph, a cycle graph, and a star graph with different numbers of agents (N = 10, 20, . . . , 50). In this simulation, the number of iterations is defined as the iteration step k which satisfies (21) for the first time.
The number of iterations in Tables 1-3 is the average of 100 trials. In each trial, the initial state x i [0] is generated according to the uniform distribution on the interval [1, 50] . From these results, we see that the number of iterations is smaller for the larger number of hops.
Conclusion
In this paper, we proposed a discrete-time consensus dynamics which is an extension of the existing 1-hop dynamics. We showed that the proposed dynamics achieves average consensus for undirected graphs. We also showed that the convergence factor is smaller for the larger number of hops. The extension of the proposed method to the case with directed graphs and the detailed analysis of the relation between the convergence speed and the positive constant ε of the proposed dynamics are the targets of our future work.
